We propose a dynamical model of a competing population whose agents have a tendency to balance their decisions in time. The model is applicable to nancial markets in which the agents trade with nite capital or to other multiagent systems, such as routers in communication networks attempting to transmit multiclass trac in a fair way. We nd an oscillatory behavior of the model which is explainable by the segregation of agents into two groups. Each group remains winning over epochs. The aggregation of smart agents is able to explain the lifetime distribution of epochs to 8 decades of probability.
I. INTRODUCTION
Many natural and articial systems involve interacting agents, each making independent decisions to pursue their own short-term objectives, but globally exhibiting long-time correlations beyond the memory sizes or the action cycles of the individuals [1{3] . Examples include the price uctuations in nancial markets [4] , trac patterns on the Internet [5] , and the lifespan and metabolic time scales of living organisms. It is interesting to consider the extent to which the inherent properties of the systems can aect the temporal behavior. Correlations beyond individual memory sizes can be consequences of interactions among agents. For example, in a competing population, some agents may nd it advantageous to correlate their decisions over an extended period of time. However, due to the dynamics of competition, a group may not be advantageous forever; it only dominates in a certain epoch. A very interesting question is how the lifetimes of the winning epochs of the group are related to the dynamics of individual agents.
In this paper, we describe a model of a competing population in which agents aggregate into groups. Agents in the same group make synchronized decisions. In order to maximize their own prot, individual agents employ adaptive strategies occasionally to switch to the winning group. Epochs of winning groups are formed, which are sustained for certain lifetimes [6] . The model is most applicable to nancial markets in which agents trade with nite capital, but can be extended to other multiagent systems, such as routers in communication networks at-£ E-mail: phbill@ust.hk; y E-mail: yiping.m@gmail.com; z E-mail: phkywong@ust.hk tempting to transmit multiclass trac in a fair way.
As we shall see, the lifetimes of the epochs in our model are closely related to the aggregation of smart agents. There are previous works considering the eects of the attributes of agents. The model of Reents et al. [7] corresponds to ours with smart agents only, and there is no dierentiation of agent attributes. Marsili considered games with both minority-and majority-seeking agents, but mainly focused on the steady-state behaviour of the game [8] . The model of Xie et al. [9] is roughly similar to ours in the sense that the intelligent agents can gain prots from the so-called producers, noisy traders, and conventional agents, but the analysis therein is not applicable to our model due to the absence of producers, and the issue of epoch lifetimes was not considered.
II. SHORT MEMORY LIMIT OF THE
RESTORING MINORITY GAME Specically, we consider the short memory limit of the Restoring Minority Game (RMG) introduced in Ref. 6 . The model consists of a population of N agents competing to maximize their individual utility while striving to maintain a balance of their capital, N being odd. At each time step t, agent i makes a bid b i (t) = 1 or 0, and the minority group among the N agents wins. \1" and \0" may represent \buy" and \sell" decisions in a nancial market. Agents make decisions with concerns for both nite capital and adaptive strategies. At each time step, each agent makes a decision according to her capital or strategies with probabilities of k or 1 k, respectively.
When k is close to 1 such that agents have much stronger concern for capital than adaptive strategies, the behavior of the system becomes independent of the specic strategies adopted by the agents [6] . This is the case to be considered in this paper. When the agents have very limited capital (or stock), most often they have to buy immediately after they have sold (or sell immediately after they have bought). This immediate restoring decision corresponds to the short memory regime of the RMG. Thus, when k is close to 1, we are considering the strongly restoring limit of the RMG.
Occasionally with a probability of 1 k, agents have chances to pause their buy-and-sell cycle and to make decisions according to their adaptive strategies, such as those used in the Minority Game (MG) [3] or the Evolutionary Minority Game (EMG) [10] . In the MG, strategies are binary functions mapping an m-bit signal to an output bit, the signal here being the winning bits of the most recent m steps. Before the game starts, each agent randomly picks s strategies. At each time step, the cumulative payos of strategies that give a correct prediction increase by 1 while the payos of those predicting incorrectly decrease by 1. Each agent then follows the strategy with the highest cumulative payo among those she owns. All agents initially hold equal value of capital and stocks, and the cumulative payos of strategies are randomized with variance R [11] . The EMG diers from the MG in details, but shares the same feature that the adopted strategies evolve according to historical performances. In this paper, we focus on the case of the MG.
III. EMERGENCE OF EPOCHS
As Fig. 1 shows, the buyer population is essentially oscillating with period 2. These oscillations arise from the intentions of the agents to balance their budget in consecutive steps, causing them to segregate into two groups, A and B, analogous to the crowd-anticrowd picture of multiagent systems [12] . Group A consists of agents making alternating buy and sell bids at odd and even time steps, respectively, and group B consists of agent making opposite alternating bids.
At each time step, an average of (1 k)N k agents make decisions according to adaptive strategies and, thus, have a chance to switch from group A to B or vice versa. Then, groups A and B change from majority to minority, or vice versa, on a time scale longer than the period-2 oscillations. The emergence of these multiple time scales is illustrated in Fig. 1 , in which occasional phase slips in the buyer population signify switches from group A being the winners to group B or vice versa. This corresponds to instants in Fig. 1 where the population of group A crosses the minority-majority boundary. The lifetime of an epoch is the time during for which group A or B wins continuously.
IV. MEAN-RATE APPROXIMATION
We rst analyze the dynamics in the mean-rate approximation as shown in Fig. 2 . At each time step, each agent pauses the restoring decision and uses her adaptive strategy with probability 1 k. Let T be the average probability that a strategy makes a minority decision. Then, the probability that an agent switches sides is (1 k)T from majority to minority and (1 k)(1 T ) in the opposite direction. The master equation for the distribution of the number N A of agents in group A can then be solved numerically or by using the Monte Carlo method.
To calculate the average probability T , we consider the case m = 1. Each agent holds s strategies randomly drawn from the following four functions f: (1) contrarian: f(b) = 1 b; (2) buyer: f(b) = 1; (3) seller: f(b) = 0; (4) follower: f(b) = b. Since the history is dominated by a series of alternating \0" and \1", the contrarian strategy acquires the highest cumulative payos, and the follower strategy the lowest. The buyer and seller strategies predict correctly half of the time in an As Fig. 3 shows, the average epoch lifetime hLi decreases with the average numberk of agents using adaptive strategies. Furthermore, the prediction of the meanrate approximation has an excellent agreement with the simulation results for both hLi and the variance 2 of the buyer population. Fig. 4 shows that the epoch lifetimes follow an exponential distribution near the maximum at small L. The mean-rate approximation has an excellent agreement with simulation results in this regime. When L increases further, the distribution crosses over to an exponential one with a lower decay rate. However, long epochs are more frequent than the prediction of the mean-rate approximation!!!
V. MULTIRATE APPROXIMATION
The discrepancy that long epochs are more frequent than predicted by the mean-rate approximation, arises from the inability of the mean-rate approximation to differentiate the aggregation eects of various agents in the majority and the minority groups. Due to the strategies held by dierent agent types, the probabilities that smart, mediocre, and dumb agents switch from the ma- jority to the minority group are 1 k, (1 k)=2, and 0, respectively. For opposite switches, the probabilities are 0, (1 k)=2, and 1 k, respectively. As the inset of Fig. 4 shows, these agents have dierent winning rates. The physical picture of this agent dynamics is illustrated in Fig. 5(a) , in which the switching probabilities of different agent types are represented by the arrows between the minority and the majority groups. This leads to the second approximation of our analysis, the multirate approximation. We denote by N As , N Am , and N Ad the numbers of smart, mediocre, and dumb agents in group A, respectively. The master equation for the probability P (N As ; N Am ; N Ad ) can be solved by using the Monte Carlo method. As Fig. 4 shows, the multirate approximation yields a signicantly higher probability for long epochs than the mean-rate approximation does, resulting in an excellent agreement with simulation results over 8 decades of probability.
To explain the higher probability of long epochs predicted by the multirate approximation compared with the mean-rate approximation, we consider what happens to the composition of the majority and the minority groups when an epoch prolongs. Since smart and dumb agents choose the minority and the majority groups, repectively, the majority group in a long epoch has fewer smart agents than the minority group. This situation is illustrated in Fig. 5(b) , in which smart agents aggregate in the minority group, leading to a smaller number of smart agents present in the majority group. It follows that when an agent in the majority group chooses to make a strategic decision, it is less likely that she switches to the minority group. This aggregation of smart agents reduces the ow of agents from the majority to the minority group and, hence, reduces the exponential decay rate in the tail of the lifetime distributions. This eect is most signicant in the mesoscopic regime when the uctuations of the smart agent aggregate and the minority group size are important.
The evidence that smart agents aggregate in the minority group at the expense of the majority group is demonstrated in Fig. 6 . We measure the dierence in the numbers of smart agents between the minority and the majority groups (N min;s N maj;s ) averaged over an epoch. Compared with the distribution for short epochs, the peak of the distribution for long epochs is positively biased. This shows that,on average, long epochs have more smart agents distributed in the minority group. Furthermore, the distribution of smart agents derived from the multirate approximation has an excellent agreement with simulation results, as shown in Fig. 6 . This shows that the aggregation of smart agents is crucial in explaining the distribution of long epochs.
Further interesting eects of agent aggregation arise when the analysis is generalized to cases of large memory size (m > 1), in which the existence of the super agents further renes the lifetime distribution of short epochs. The details are presented in Ref. 6 .
VI. CONCLUSION
In summary, we have proposed a model of a competing population with multiple time scales. When the tendency to balance the decisions of the agents is strong and short term, there are oscillations with two groups of agents making alternating, but opposite, decisions. On a longer time scale, the history is characterized by epochs dominated by one of the two groups. Epochs end when sucient numbers of agents follow adaptive strategies and switch to the winning side. Epochs are stabilized by the aggregation of smart agents on the winning side. The study of the epoch lifetime is important to agents who want to stay on the winning side as long as possible or at least, who, want to know how long they will prevail. These generic features are relevant to multiagent systems, such as futures markets in which agents switch between long and short positions, distributed control of multiclass trac in communication networks, and other systems with competing aggregates of agents.
